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Abstract
We construct the interaction terms between the world-volume fields of multiple M2-
branes and the 3- and 6-form fields in the context of ABJM theory with U(N)×U(N) gauge
symmetry. A consistency check is made in the simplest case of a single M2-brane i.e.,
our construction matches the known effective action of M2-brane coupled to antisymmetric
3-form field. We show that when dimensionally reduced, our couplings coincide with the
effective action of D2-branes coupled to R-R 3- and 5-form fields in type IIA string theory.
We also comment on the relation between a coupling with a specific 6-form field configuration
and the supersymmetry preserving mass deformation in ABJM theory.
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1 Introduction
Recently, the Lagrangian descriptions of multiple M2-branes were found in the low energy limit,
which are the Bagger-Lambert-Gustavsson(BLG) theory [1, 2] and the Aharony-Bergman-Jafferis-
Maldacena(ABJM) theory [3]. The BLG theory, which is equivalent to the ABJM theory with
SU(2)×SU(2) gauge group [4], has N = 8 supersymmetry and it is an effective theory of two
M2-branes. The ABJM theory with U(N)×U(N) gauge group has N = 6 supersymmetry and
it describes the dynamics of N parallel M2-branes sitting at the singularity of a space with Zk
orbifold, where k appears as the Chern-Simons level in the theory.
Low energy dynamics of D-branes is also depicted by supersymmetric gauge theories, i.e., it
is the Dirac-Born-Infeld(DBI) action or the super Yang-Mills theory to the leading order in α′-
expansion. In addition, D-branes can couple to the bulk supergravity fields. The bosonic bulk
fields include R-R form fields, which couple to the D-branes through Wess-Zumino(WZ)-type
action [5, 6, 7]. In the case of single Dp-brane, the WZ-type coupling is only to the R-R form
fields of rank p + 1 or less. For multiple Dp-branes the action can include the couplings to all
kinds of R-R form fields [7].
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Analogous to the WZ-type coupling of D-branes in string theory, in M-theory, the M2- and
M5-branes couple to the 3-form and dual 6-form fields in 11-dimensional supergravity. According
to the recent development of the world-volume theories for multiple M2-branes, the coupling of
M2-branes to the bulk form fields were discussed in the context of both the BLG theory [8, 9, 10]
and the ABJM theory [11, 12]. For arbitrary N stacked M2-branes the analyses have been made
in the restricted context: Ref. [11] dealt with the coupling with constant form fields which survive
in the infinite tension limit of M2-branes and Ref. [12] considered only the case of single M2-brane.
Along this line it is timely to study the coupling of N M2-branes to the bulk form fields which
have arbitrary dependence on the transverse scalar fields.
In our previous paper [10], we discussed the coupling between M2-branes and the bulk form
fields in BLG theory with the aforementioned general setting. After the compactification pro-
cedure of Mukhi-Papageorgakis (MP Higgsing procedure) [13, 14], we verified that our proposal
reproduces the R-R form field couplings to D2-branes as well as the linearized DBI action in type
IIA string theory. In this paper we naturally generalize our previous construction to multiple
M2-branes of arbitrary N , described by the ABJM theory with U(N)×U(N) gauge symmetry.
Guided by gauge invariance, we propose a general form of WZ-type coupling. In our proposal the
form fields can carry gauge indices since we assume that the form fields depend on the transverse
scalar fields in (anti)bifundamental representations of the gauge group. Since M-theory provides
no direct guiding principle for the WZ-type coupling, there seems no compelling reason to restrict
the form fields to be antisymmetric in the global indices. Reflecting consistency with the known
WZ-type couplings of type IIA string theory after the MP Higgsing, one can constrain the M-
theory form fields to appropriate forms. To be specific, we impose some appropriate constraints
to the 3- and 6-form fields in M-theory and obtain the relations among these form fields and the
R-R and NS-NS form fields in type IIA string theory. These constraints lead to the antisymmetric
property of the form fields and the symmetrized matrix products in the resulting WZ-type cou-
plings [7] of type IIA string theory. A byproduct is the generation of the linearized DBI action of
multiple D2-branes, where the gauge field strength F˜µν and the NS-NS 2-form field B˜µν appear in
the gauge-covariant combination, F˜µν +
1
2piα′
B˜µν .
The MP Higgsing for the WZ-type coupling of the 3-form fields is completely carried out,
however the corresponding procedure for the case of the 6-form fields is performed only up to the
quadratic order terms in Planck length. For the cubic order, there are too many possible terms
which appear in the MP Higgsing procedure and this makes the derivation of explicit relations
between the R-R 5-form fields and the 6-form fields complicated. We do not carry out the reduction
procedure for this order terms, rather we guess the expected couplings from the results of the lower
order terms in Planck length.
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This paper is organized as follows. In section 2, we propose the general structure of the coupling
between multiple M2-branes and the bulk form fields. In section 3, we compare the proposal with
the well known coupling for the case of a single M2-brane. In section 4, we check our proposal
by taking the reduction to type IIA string theory, via the MP Higgs mechanism. In section 5,
we establish the relation between our WZ-type coupling and the supersymmetry preserving mass
deformation in ABJM theory. Section 6 is devoted to conclusion and discussion.
2 Couplings between M2-branes and Form Fields
Low energy effective world-volume theory of the stacked N parallel flat M2-branes is described by
the ABJM action. Its bosonic sector contains two gauge fields, Aµ and Aˆµ, of U(N)×U(N) gauge
symmetry and four complex scalar fields Y A, (A = 1, 2, 3, 4). The real and imaginary components
of Y A represent the eight transverse directions XI , (I = 1, 2, ..., 8),
Y A = XA + iXA+4. (2.1)
The scalar fields are in the bifundamental representation of the U(N)×U(N) gauge symmetry
while the gauge fields Aµ and Aˆµ are in the adjoint representations of the left U(N) and the right
U(N) gauge symmetries, respectively. Including the gauge indices we can write the bosonic fields
as
(Aµ)
a
b, (Aˆµ)
aˆ
bˆ
, (Y A)aaˆ (Y
†
A)
aˆ
a. (2.2)
Low energy effective description of M-theory is known to be the 11-dimensional supergravity
for which the bosonic fields are graviton gMN , 3-form C(3), and 6-form C(6) fields. Those form
fields can interact with the world-volume fields through pull-back. The corresponding interactions
in 10-dimensional type II string theories are described by WZ-type couplings [5, 6, 7]. However,
in the scheme of M-theory, the form of such interaction is not yet known except in BLG theory
with SU(2)×SU(2) gauge symmetry [8, 10] and ABJM theory with constant form fields [11]. In
this section we naturally extend the results in [10] to the case of ABJM theory with U(N)×U(N)
gauge symmetry.
We start with a general gauge-invariant couplings of 3-form fields to multiple M2-branes. In
analogy with the WZ-type couplings in type II string theories we restrict the couplings to terms
which are linear in the form fields. Our proposal for the 3-form fields action is
S
(3)
C = µ2
∫
d3x
1
3!
ǫµνρ {Tr}
[
Cµνρ + 3λCµνADρY
A + 3λ2
(
CµABDνY
ADρY
B + CµAB¯DνY
ADρY
†
B
)
+ λ3(CABCDµY
ADνY
BDρY
C + CABC¯DµY
ADνY
BDρY
†
C
)
+ (c.c.)
]
, (2.3)
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where µ2 is M2-brane tension, λ = 2πl
3/2
P with Planck length lP, and {Tr} represents all possible
contractions of gauge indices among the 3-form fields and transverse scalars, which give single
traces.1 The covariant derivative is
DµY
A = ∂µY
A + iAµY
A − iY AAˆµ. (2.4)
In each term the dependence of the pull-back of the 3-form field on Y A and Y †A should be chosen
in such a way that the term contains equal number of bifundamental and antibifundamental fields
so that the action keeps manifest gauge invariance. The gauge invariance is achieved if we assume
that the pull-back of the form fields can have multiple non-Abelian gauge indices which are allowed
only through their functional dependence on the transverse scalars. This assumption is motivated
by the analogy with R-R form field couplings to multiple Dp-branes in string theory [7], where
the pull-back of the R-R fields are defined by just replacing the transverse coordinates with the
transverse scalar fields. In the latter case, the dependence of the transverse scalars in the the
pull-back of the R-R fields was obtained by performing the non-Abelian Taylor expansion [7]. For
instance for a rank n R-R form field it can be written as
P (C˜(n))(X˜) = C˜(n)(0) + X˜
i∂iC˜(n)(0) +
1
2!
X˜ iX˜j∂i∂jC˜(n)(0) + · · · , (2.5)
where the product among X˜ i’s is a matrix product. The expansion contains uncontracted gauge
indices and, in the coupling between the Dp-branes and the R-R fields, the gauge trace is taken
including the pull-backed R-R form fields. This procedure was confirmed to leading order by
examining string scattering amplitudes [15].
In order to clarify the meaning of {Tr} we present some terms in the action (2.3) including
the gauge indices explicitly,
{Tr}
(
CµνADρY
A
)
= (CµνA)
aˆ
a(DρY
A)aaˆ,
{Tr}
(
CµABDνY
ADρY
B
)
= (CµAB)
aˆbˆ
ab(DνY
A)aaˆ(DρY
B)b
bˆ
,
{Tr}
(
CµAB¯DνY
ADρY
†
B
)
= (CµAB¯)
aˆb
abˆ
(DνY
A)aaˆ(DρY
†
B)
bˆ
b,
{Tr}
(
CABC¯DµY
ADνY
BDρY
†
C
)
= (CABC¯)
aˆbˆc
abcˆ(DµY
A)aaˆ(DνY
B)b
bˆ
(DρY
†
C)
cˆ
c,
{Tr}
(
CABCDµY
ADνY
BDρY
C
)
= (CABC)
aˆbˆcˆ
abc(DµY
A)aaˆ(DνY
B)b
bˆ
(DρY
C)ccˆ. (2.6)
In order to understand this gauge index structure let us take into account the Taylor expansion
for the pull-backed form fields in the context of M-theory. Due to the gauge invariance and the
1In our convention the unbarred global indices A,B,C, · · · of the form fields are contracted with those of bifun-
damental scalar fields while the barred global indices A¯, B¯, C¯, · · · are contracted with those of antibifundamental
scalar fields. The unbarred indices are always located to the left of the barred ones.
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single traceness of the corresponding coupling, possible terms in the Taylor expansion for the form
fields are restricted. As an example, we expand CµAB¯ in terms of the transverse scalar fields,
(CµAB¯)
aˆb
abˆ
=CµAB¯(0)δ
aˆ
bˆ
δba + ∂C¯∂DCµAB¯(0)(Y
†
CY
D)aˆ
bˆ
δba + ∂C∂D¯CˆµAB¯(0)δ
aˆ
bˆ
(Y CY †D)
b
a + · · · , (2.7)
where the form fields and their derivatives are functions of the worldvolume coordinates but do not
depend on the transverse scalar fields. After being pulled-backed to the worldvolume, uncontracted
gauge indices appear in the right-hand side of (2.7) due to their dependence on the transverse
scalar fields. This clearly verifies that Taylor expansion of the form fields generates non-Abelian
structure even though the bulk form fields themselves do not carry non-Abelian gauge indices.
The same procedure can be applied for the other pull-backed 3- and 6-form fields in order to
understand the non-Abelian gauge index structure.
From now on let us turn to the WZ-type coupling between M2-branes and 6-form fields. Along
the same line with the 3-form coupling, imposing the gauge invariance and allowing only single
trace couplings, the most general 6-form field coupling which is linear in the 6-form fields is given
by
S
(6)
C =µ
′
2
∫
d3x
1
3!
ǫµνρ {Tr}
(
CµνρABC¯β
AB
C + 3λ
(
CµνABCD¯DρY
AβBCD + CµνABC¯D¯DρY
†
Cβ
AB
D
)
+ 3λ2
(
CµABCDE¯DνY
ADρY
BβCDE + CµABCD¯E¯DνY
ADρY
†
Dβ
BC
E + CµABC¯D¯E¯DνY
†
CDρY
†
Dβ
AB
E
)
+ λ3
(
CABCDEF¯DµY
ADνY
BDρY
CβDEF + CABCDE¯F¯DµY
ADνY
BDρY
†
Eβ
CD
F
+ CABCD¯E¯F¯DµY
ADνY
†
DDρY
†
Eβ
BC
F + CABC¯D¯E¯F¯DµY
†
CDνY
†
DDρY
†
Eβ
AB
F
)
+ (c.c.)
)
, (2.8)
where µ′2 = τλµ2, τ is a dimensionless parameter which will be fixed after reduction to type IIA
string theory, and βABC ≡
1
2
(Y AY †CY
B −Y BY †CY
A). We assumed that apart from their appearance
in the covariant derivatives, the transverse complex scalar fields explicitly enter the action only in
terms of this specific cubic product βABC and its complex conjugate. This assumption is motivated
by the fact that βABC and its complex conjugate appear in the sextic potential of ABJM theory.
Actually βABC corresponds to three commutator in hermitian 3-algebra formulation of the ABJM
theory [16].
For every term in the action (2.8) the contraction of gauge indices is performed as was done
for the 3-form field coupling in (2.6). For instance,
CABC¯D¯E¯F¯DµY
†
CDνY
†
DDρY
†
Eβ
AB
F
= (CABC¯D¯E¯F¯ )
abcdˆ
aˆbˆcˆd
(DµY
†
C)
aˆ
a(DνY
†
D)
bˆ
b(DρY
†
E)
cˆ
c(β
AB
F )
d
dˆ
. (2.9)
Furthermore we should restrict the form field as in (2.7) in order to obtain single trace couplings.
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It is not easy to show that the actions in (2.3) and (2.8) are invariant under gauge transfor-
mation of the 3- and 6-form fields C(n) → C(n) + dΛ(n−1) due to the non-Abelian structure of the
coupling. As was proven in the case of R-R fields in string theory [17, 18], this issue of gauge
invariance will be addressed through further study [19].
3 Consistency Check for Single M2-brane
In this section we will test our proposal in the previous section by comparing with the well known
effective action of a single M2-brane in the presence of 3-form field Cˆmnp. The effective action is
given by [20]
S11 = −µ2
∫
d3σ
√
−det(∂µxm∂νxngmn) +
µ2
3!
∫
d3σǫµνρCˆmnp∂µx
m∂νx
n∂ρx
p, (3.1)
where xm (m,n, p = 0, 1, 2, ..., 10) are the 11-dimensional spacetime coordinates, σµ are the 3-
dimensional world-volume coordinates, and gmn is 11-dimensional metric. For a single static flat
M2-brane in flat (1+2)-dimensional spacetime and in an R8/Zk orbifold for the transverse space,
we locally have gmn = ηmn. Choosing a static gauge σ
µ = xµ and regarding the 8 transverse
coordinates as the 8 transverse scalar fields xI = λXI , the 3-form field coupling in (3.1) can be
rewritten as
µ2
3!
∫
d3xǫµνρ
(
Cˆµνρ + 3λCˆµνI∂ρX
I + 3λ2CˆµIJ∂νX
I∂ρX
J + λ3CˆIJK∂µX
I∂νX
J∂ρX
k
)
. (3.2)
If we compare the obtained action (3.2) with the action (2.3) and (2.8) for a single M2-brane, they
look different at first glance. However, we will show that one exactly coincides with the other.
We can also show that (3.2) is invariant under the Abelian gauge transformation of 3-form field
as C(3) → C(3) + dΛ(2).
First of all, if we restrict ourselves to the U(1)×U(1) case of the actions (2.3) and (2.8), {Tr}
becomes trivial due to the Abelian nature. Noticing that the complex scalar fields commute with
each other, all the terms involving the 6-form field are vanishing. Therefore the total action with
U(1)×U(1) symmetry is obtained only from the action (2.3). Secondly, we note that the action
(2.3) involves U(1)×U(1) gauge fields, while the action (3.2) does not. Dynamics of the gauge
fields is governed by the Chern-Simons action in the ABJM theory,
SCS =
∫
d3x
k
4π
ǫµνρ(Aµ∂νAρ − Aˆµ∂νAˆρ), (3.3)
and the matter fields couple to the gauge fields only through the covariant derivative (2.4). If we
introduce A±µ as
A±µ =
1
2
(Aµ ± Aˆµ), (3.4)
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then the Chern-Simons term (3.3) is rewritten as
SCS =
∫
d3x
k
2π
ǫµνρA+µF
−
νρ, (3.5)
where F−µν = ∂µA
−
ν − ∂νA
−
µ . The covariant derivative contains only A
−
µ ,
DµY
A = ∂µY
A + 2iA−µ Y
A. (3.6)
The U(1) gauge field A+µ is an auxiliary field which does not couple to any matter fields and its
equation of motion is F−µν = 0. This makes the other U(1) gauge field A
−
µ a pure gauge degree. If
we are interested in the physics blind to the orbifold structure, every covariant derivative can be
replaced by an ordinary partial derivative through a gauge transformation and consequently both
U(1) gauge fields completely decouple from the action (2.3).
Finally, we see that in (2.3) the transverse scalar fields Y A are complex, while in (3.2) the
transverse scalar fields XI are real. Similarly, the 3-form fields C(3) are complex, while Cˆ(3) are
real. Therefore, in order to complete the matching between the actions (2.3) and (3.2) we relate
the complex and real scalar fields as in (2.1), which leads to the following identifications among
complex and real 3-form fields:
Cµνρ = Cˆµνρ, CµνA =
1
2
(
CˆµνA − iCˆµνA+4
)
,
CµAB =
1
4
(
CˆµAB − iCˆµA+4B − iCˆµAB+4 − CˆµA+4B+4
)
,
CµAB¯ =
1
4
(
CˆµAB − iCˆµA+4B + iCˆµAB+4 + CˆµA+4B+4
)
,
CABC =
1
8
(
CˆABC − iCˆA+4BC − iCˆAB+4C − iCˆABC+4
− CˆAB+4C+4 − CˆA+4BC+4 − CˆA+4B+4C + iCˆA+4B+4C+4
)
,
CABC¯ =
1
8
(
CˆABC − iCˆA+4BC − iCˆAB+4C + iCˆABC+4
+ CˆAB+4C+4 + CˆA+4BC+4 − CˆA+4B+4C − iCˆA+4B+4C+4
)
, (3.7)
and their complex conjugates. Through these identifications, the action in (2.3) exactly coincides
with (3.2). This simple case supports the validity of the proposed actions in (2.3) and (2.8),
however we need further check for the general U(N)×U(N) case in the subsequent sections.
Note that our result contains that of [12] as a particular case, where only CµAB¯ and its complex
conjugate are taken into account. Since those specific components do not carry orbifold charge
(the charge with respect to A−µ ), they could be regarded as functions on the orbifold. In fact
C(3) is a differential form, and then each component of it should be regarded as a section on the
orbifold rather than a function. This allows us to take into account all components of C(3) even
after orbifolding.
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4 Reduction from M-theory to IIA String Theory
In section 2 we constructed the WZ-type action, (2.3) and (2.8), describing the couplings between
the world-volume fields on multiple M2-branes and the bulk form fields. Our proposal for these
couplings is guided by gauge invariance and analogy with the coupling of D-branes to the R-R form
fields in type II string theories [5, 6, 7]. However, for the effective theory of multiple M2-branes
there is no known guiding principle on the general form of coupling between the world-volume
fields and the bulk form fields. On the other hand, in type II string theories, the coupling between
the R-R form fields and the world-volume fields of D-branes is restricted by consistency with
T-duality. Therefore, in order to test the consistency of our proposal, we will compactify our WZ-
type action in (2.3) and (2.8) and then we will compare with the corresponding WZ-type action in
type IIA string theory. We first study the simplest case of ABJM theory with U(1)×U(1) gauge
symmetry, and then generalize to the case of U(N)×U(N) gauge symmetry.
4.1 U(1)×U(1) gauge symmetry
In type IIA string theory the bosonic part of the effective action for a single Dp-brane is2
S10 = SDBI + SC˜ . (4.1)
SDBI is the Abelian DBI action and SC˜ is the Abelian WZ-type coupling, which is given by [7]
SC˜ = µp
∫
p+1
(
P
[∑
C˜(n)e
B˜
]
eλ˜F˜
)
, (4.2)
where µp is the R-R charge of the Dp-brane, λ˜ = 2πl
2
s is the string scale, B˜ is the NS-NS 2-form
field, F˜ = dA˜ is field strength of the U(1) gauge field A˜ of the D-brane, and P[...] is the pull-back
on to the D-brane world-volume. For later convenience we expand this action explicitly for p = 2
and C˜(3), omitting couplings to other fields,
SC˜ = µ2
∫
1
3!
d3xǫµνρ
(
C˜µνρ + 3λ˜C˜µνiD˜ρX˜
i + 3λ˜2C˜µijD˜νX˜
iD˜ρX˜
j
+ λ˜3C˜ijkD˜µX˜
iD˜νX˜
jD˜ρX˜
k + ...
)
, (4.3)
where X˜ i (i = 1, 2, ..., 7) are seven transverse scalar fields with D˜µX˜
i = ∂µX˜
i .
We note that in the U(1)×U(1) case the scalar fields Y A commute with each other. As a result
the three commutator βABC is vanishing and hence the couplings to the 6-form field are zero. In
addition, the 3-form field should be antisymmetric in all its global indices. To compactify one
2We put tildes for the fields and the parameters in string theory.
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direction transverse to the M2-brane, we apply the MP Higgsing procedure [13] to (2.3). To that
end we turn on a vacuum expectation value (vev) for the complex scalar Y 4 as
Y 4 =
v
2
+ X˜4 + iX˜8, (4.4)
while the remaining 3 complex scalars have vanishing vev,
Y a = X˜a + iX˜a+4, (a = 1, 2, 3). (4.5)
Here the 8 real scalar fields, X˜I = XI (I = 1, ..., 8), stand for 8 transverse directions. The
nonvanishing vev breaks the U(1)×U(1) gauge symmetry to the diagonal U(1). Then we take the
double scaling limit of infinite vev v and the Chern-Simons level k, keeping v/k finite. In this
limit the gauge field A−µ becomes nondynamical while A
+
µ will be a dynamical gauge field. Using
(3.4), the covariant derivatives of the transverse scalar fields (2.4) can be written to the leading
order in v as
DµY
4 = ∂µX˜
4 + ivA−µ , DµY
a = ∂µX˜
a + i∂µX˜
a+4, (4.6)
where we have chosen unitary gauge for the field A−µ , A
−
µ −
1
v
∂µX˜
8 → A−µ .
Next we need to relate the 10-dimensional real 3-form fields with the 11-dimensional complex
3-form fields. For the first term in (2.3) this relation is obvious and is given by
C˜µνρ = Cµνρ + C
†
µνρ. (4.7)
To find the relations for the remaining terms we plug (4.6) into the action (2.3). Then from the
second term in (2.3) we have
CµνADρY
A + c.c. = (Cµν4 + C
†
µν4)∂ρX˜
4 + iv(Cµν4 − C
†
µν4)A
−
ρ
+ (Cµνa + C
†
µνa)∂ρX˜
a + i(Cµνa − C
†
µνa)∂ρX˜
a+4
= C˜µνi∂ρX˜
i + vB˜µνA
−
ρ , (4.8)
where we have made the following identification of the R-R 3-form field and the NS-NS 2-form
field in 10-dimensions,
C˜µνa = (Cµνa + C
†
µνa), C˜µν4 = (Cµν4 + C
†
µν4),
C˜µνa+4 = i(Cµνa − C
†
µνa), B˜µν = i(Cµν4 − Cµν4¯). (4.9)
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Similarly, from the third and fourth terms of the action (2.3) we get
ǫµνρ
(
CµABDνY
ADρY
B + CµAB¯DνY
ADρY
†
B + c.c.
)
= ǫµνρ
(
(−Cµ4a¯ − C
†
µ4a¯ + 2Cµa4 + 2C
†
µa4 + Cµa4¯ + C
†
µa4¯
)∂νX˜
a∂ρX˜
4
+ i(−Cµ4a¯ + C
†
µ4a¯ + 2Cµa4 − 2C
†
µa4 + Cµa4¯ − C
†
µa4¯)∂νX˜
4∂ρX˜
a+4
+ iv(Cµ4a¯ − C
†
µ4a¯ − 2Cµa4 + 2C
†
µa4 + Cµa4¯ − C
†
µa4¯
)A−ν ∂ρX˜
a
+ v(Cµ4a¯ + C
†
µ4a¯ + 2Cµa4 + 2C
†
µa4 − Cµa4¯ − C
†
µa4¯
)A−ν ∂ρX˜
a+4
+ 2iv(Cµ44¯ − C
†
µ44¯
)A−ν ∂ρX˜
4 + (Cµab + C
†
µab + Cµab¯ + C
†
µab¯
)∂νX˜
a∂ρX˜
b
+ i(2Cµab − 2C
†
µab − Cµab¯ + C
†
µab¯
− Cµba¯ + C
†
µba¯)∂νX˜
a∂ρX˜
b+4
+ (−Cµab − C
†
µab + Cµab¯ + C
†
µab¯
)∂νX˜
a+4∂ρX˜
b+4
)
= ǫµνρ
(
C˜µij∂νX˜
i∂ρX˜
j + vB˜µiA
−
ν ∂ρX˜
i
)
. (4.10)
The last step means we have made the identification of C˜µij and B˜µi as
B˜µa = i(Cµ4a¯ − C
†
µ4a¯ − 2Cµa4 + 2C
†
µa4 + Cµa4¯ − C
†
µa4¯
),
B˜µa+4 = Cµ4a¯ + C
†
µ4a¯ + 2Cµa4 + 2C
†
µa4 − Cµa4¯ − C
†
µa4¯
,
B˜µ4 = 2i(Cµ44¯ − C
†
µ44¯
), C˜µab = Cµab + C
†
µab + Cµab¯ + C
†
µab¯
,
C˜µa4 =
1
2
(−Cµ4a¯ − C
†
µ4a¯ + 2Cµa4 + 2C
†
µa4 + Cµa4¯ + C
†
µa4¯
),
C˜µ4a+4 =
i
2
(−Cµ4a¯ + C
†
µ4a¯ + 2Cµa4 − 2C
†
µa4 + Cµa4¯ − C
†
µa4¯
),
C˜µab+4 =
i
2
(2Cµab − 2C
†
µab − Cµab¯ + C
†
µab¯
− Cµba¯ + C
†
µba¯),
C˜µa+4b+4 = −Cµab − C
†
µab + Cµab¯ + C
†
µab¯
. (4.11)
For the last two terms of the action (2.3), we have
ǫµνρ
(
CABCDµY
ADνY
BDρY
C + CABC¯DµY
ADνY
BDρY
†
C
)
+ c.c.
=ǫµνρ
(
C˜ijk∂µX˜
i∂νX˜
j∂ρX˜
k + vB˜ijA
−
µ ∂νX˜
i∂ρX˜
j
)
. (4.12)
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where as usual we made the following identification of the 10-dimensional form fields
B˜a4 = −2i(Ca44¯ − C
†
a44¯
), B˜4a+4 = −2(Ca44¯ + C
†
a44¯
),
B˜ab = i(3Cab4 − 3C
†
ab4 + 2Cab¯4 − 2C
†
ab¯4
− Cab4¯ + C
†
ab4¯
),
B˜ab+4 = −3C4ab − 3C
†
ab4 + Cab4¯ + C
†
ab4¯
+ Cab¯4 + C
†
ab¯4
+ Cba¯4 + C
†
ba¯4,
B˜a+4b+4 = i(−3Cab4 + 3C
†
ab4 + 2Cab¯4 − 2C
†
ab¯4
+ Cab4¯ − C
†
ab4¯
),
C˜ab4 =
1
3
(3Cab4 + 3C
†
ab4 + 2Cab¯4 + 2C
†
ab¯4
+ Cab4¯ + C
†
ab4¯
),
C˜a4b+4 =
i
3
(−3C4ab + 3C
†
ab4 − Cab4¯ + C
†
ab4¯
+ Cab¯4 − C
†
ab¯4
+ Cba¯4 − C
†
ba¯4),
C˜4a+4b+4 =
1
3
(−3Cab4 − 3C
†
ab4 + 2Cab¯4 + 2C
†
ab¯4
− Cab4¯ − C
†
ab4¯
),
C˜abc = (Cabc + C
†
abc + Cabc¯ + C
†
abc¯),
C˜abc+4 =
i
3
(3Cabc − 3C
†
abc − Cabc¯ + C
†
abc¯ − Cacb¯ + C
†
acb¯
− Ccba¯ + C
†
cba¯),
C˜ab+4c+4 =
1
3
(−3Cabc − 3C
†
abc + 2Cabc¯ + 2C
†
abc¯ + Ccba¯ + C
†
cba¯),
C˜a+4b+4c+4 = i(−Cabc + C
†
abc + Cabc¯ − C
†
abc¯). (4.13)
Collecting all the terms, we obtain
SC˜ = µ2
∫
d3x
1
3!
ǫµνρ
[
C˜µνρ + 3λ(C˜µνi∂ρX˜
i + vB˜µνA
−
ρ ) + 3λ
2(C˜µij∂νX˜
i∂ρX˜
j + vB˜µiA
−
ν ∂ρX˜
i)
+ λ3(C˜ijk∂µX˜
i∂νX˜
j∂ρX˜
k + vB˜ijA
−
µ ∂νX˜
i∂ρX˜
j)
]
. (4.14)
Next we integrate out the auxiliary field A−µ . In order to do so, we should take into account the
bosonic part of the original U(1)×U(1) ABJM action. After the MP compactification procedure,
the leading order in v of the ABJM action takes the following form,∫
d3x
(
− D˜µX˜
iD˜µX˜ i − v2A−µA
−µ +
k
2π
ǫµνρA−µ F˜νρ
)
+O
(1
v
)
, (4.15)
where F˜µν = ∂µA
+
ν − ∂νA
+
µ . The equation of motion for the auxiliary field A
−
µ can be obtained
from the variation of (4.14) and (4.15). Solving this equation of motion to the leading order in v
expresses the auxiliary fields in terms of dynamical fields as
A−µ =
k
4πv2
ǫµ
νρ
(
F˜νρ + µ2vλ
2π
k
P [B˜νρ]
)
=
1
2gYMv
ǫ νρµ
(
F˜νρ +
1
λ˜
P [B˜νρ]
)
. (4.16)
where
P [B˜µν ] =
1
2
(
B˜µν + λB˜µi∂νX˜
i +
λ2
3
B˜ij∂νX˜
i∂ρX˜
j
)
,
gYM =
2πv
k
, gs = g
2
YMls, λ˜ = 2πl
2
s (4.17)
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with µ2λ = 1/2πl
3/2
P and lP = g
1/3
s ls. For dimensional reason we also rescale the scalar fields as
X˜ i → X˜
i
gYM
. Substituting A−µ into the actions (4.14) and (4.15), and rearranging the terms, we
obtain
S10 =
∫
d3x
{
µ2
3!
ǫµνρ
[
C˜µνρ + 3λ˜C˜µνi∂ρX˜
i + 3λ˜2C˜µij∂νX˜
i∂ρX˜
j + λ˜3C˜ijk∂µX˜
i∂νX˜
j∂ρX˜
k
]
+
1
g2YM
[
− D˜µX˜
iD˜µX˜ i −
1
2
(
F˜µν +
1
λ˜
P [B˜µν ]
)2]}
. (4.18)
As anticipated, the reduction to 10-dimensions results in the linearized DBI action and the coupling
of the R-R 3-form field to D2-brane (4.3).
4.2 U(N)×U(N) gauge symmetry
In the pervious section we have verified that, when compactified to 10-dimensions, the U(1)×U(1)
ABJM theory coupled to the 11-dimensional 3-form field gives rise to the theory of a single D2-
brane coupled to the 10-dimensional R-R 3-form field and the NS-NS 2-form field. In this section
we will extend this procedure to the case of non-Abelian gauge symmetry. In particular we will
consider the U(N)×U(N) ABJM theory coupled to the 11-dimensional 3-form and 6-form fields.
In string theory, the non-Abelian extension of (4.2) is given in [7] as
SC˜ = µp
∫
p+1
Tr
(
P
[
eiλ˜i
2
X˜
∑
C˜(n)e
B˜
]
eλ˜F˜
)
, (4.19)
where iX˜ denotes the contraction (interior product) with X˜
i. Note that since X˜ i is now the N×N
matrix, i2
X˜
is nonzero and given in terms of the commutator of X˜ i.
For clarity of presentation we treat the terms involving the 3- and 6-form fields separately.
The reduction to 10-dimension is achieved by breaking the U(N)×U(N) gauge symmetry down
to U(N), and the scalar fields are in the adjoint representation of the unbroken U(N). Therefore,
the transverse scalars XI introduced in (2.1) can be split into its trace and traceless part as
XI = XˇI + iXˆI = XˇI0T
0 + iXˆIαT
α, (4.20)
where T 0 and T α (α = 1, ..., N2−1) are the generators of the unbroken U(N). Then the covariant
derivative (2.4) becomes
DµY
A = D˜µX
A + iD˜µX
A+4 + i{A−µ , X
A + iXA+4}, (4.21)
where we used non-Abelian version of (3.4) and D˜µX = ∂µX + i[A
+
µ , X ].
13
Now let us turn on vev for the trace part of Y 4 as
Y 4 =
v
2
T 0 +X4 + iX8, (4.22)
and introduce 7 Hermitian scalars fields in the adjoint representation of the U(N):
X˜4 = Xˇ4 − Xˆ8, X˜a = Xˇa − Xˆa+4, X˜a+4 = Xˇa+4 + Xˆa, (a = 1, 2, 3). (4.23)
In the double scaling limit of infinite vev v and the Chern-Simons level k, the covariant derivative
(4.21) to the leading order in v becomes
DµY
4 = D˜µ(Xˇ
4 − Xˆ8) + iv[A−µ +
1
v
(D˜µ(Xˇ
8 + Xˆ4))] = D˜µX˜
4 + ivA−µ ,
DµY
a = D˜µ[(Xˇ
a + iXˆa) + i(Xˇa+4 + iXˆa+4)] = D˜µX˜
a + iD˜µX˜
a+4, (4.24)
where we have made a gauge choice where A−µ → A
−
µ −
1
v
D˜µ(Xˇ
8 + Xˆ4). In the same limit, the
three commutator terms βABC are reduced to
βa44 =
v
2
(
[X˜a, X˜4] + i[X˜a+4, X˜4]
)
,
βab4 =
v
4
(
[X˜a, X˜b] + i[X˜a, X˜b+4] + i[X˜a+4, X˜b]− [X˜a+4, X˜b+4]
)
,
βa4b =
v
4
(
[X˜a, X˜b]− i[X˜a, X˜b+4] + i[X˜a+4, X˜b] + [X˜a+4, X˜b+4]
)
. (4.25)
4.2.1 3-form fields
As has been done in the previous subsection, we calculate each term in the WZ-type action (2.3)
in the compactification limit, and identify it with the corresponding WZ-type coupling in type
IIA string theory. The first term in (2.3) can simply be identified with the corresponding 3-form
field in type IIA string theory as
C˜µνρ = Cµνρ + C
†
µνρ. (4.26)
Using (4.24), from the second term in (2.3) we obtain
CµνADρY
A + c.c. = C˜µνiDρX˜
i + vB˜µνA
−
ρ , (4.27)
where we have identified the 3-form fields in M-theory with the R-R and NS-NS form fields in IIA
string theory as
C˜µνa+4 = i(Cµνa − C
†
µνa), C˜µνa = Cµνa + C
†
µνa,
C˜µν4 = Cµν4 + C
†
µν4, B˜µν = i(Cµν4 − C
†
µν4). (4.28)
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For the remaining terms in (2.3) the reduction to 10-dimensions seems more subtle. As an
example let us consider the following particular term:
{Tr}(CµAB¯DνY
ADρY
†
B) = (CµAB¯)
aˆb
abˆ
(DνY
A)aaˆ(DρY
†
B)
bˆ
b. (4.29)
After the symmetry breaking the complex scalar fields and their complex conjugates are all in the
adjoint representation of the unbroken U(N). Therefore, the hatted and unhatted gauge indices
are indistinguishable so that we may write
{Tr}(CµAB¯DνY
ADρY
†
B) = (CµAB¯)
cd
ab(DνY
A)ac(DρY
†
B)
b
d. (4.30)
Based on the Taylor expansion in (2.7), in the compactification limit, the leading order terms of
(CµAB¯)
cd
ab are given by
(CµAB¯)
cd
ab = δ
d
a(C
(1)
µAB¯
)cb + δ
c
b(C
(2)
µAB¯
)da, (4.31)
where C(1) and C(2) can depend on worldvolume coordinates as well as transverse scalar fields.3
As a result the WZ-type coupling in (4.30) gives
{Tr}(CµAB¯DνY
ADρY
†
B) = Tr(C
(1)
µAB¯
DνY
ADρY
†
B) + Tr(C
(2)
µAB¯
DρY
†
BDνY
A), (4.32)
where ‘Tr’ on the right-hand side represents the ordinary trace of N × N matrices. From the
WZ-type coupling in (4.30), we get the two types of terms in (4.32) and have introduced two
types of form fields, C
(1)
µAB¯
and C
(2)
µAB¯
. This is true for the other terms involving both DµY
A and
DµY
†
A. However, for the terms involving only DµY
A or only DµY
†
A, we have only one type of term.
For instance
ǫµνρ{Tr}(CµABDνY
ADρY
B) = ǫµνρTr
(
Cˆ
(1)
µABDνY
ADρY
B + Cˆ
(2)
µABDρY
BDνY
A
)
= ǫµνρTr(C
(3)
µABDνY
ADρY
B), (4.33)
where C
(3)
µAB = Cˆ
(1)
µAB − Cˆ
(2)
µBA.
Using this procedure, from the third and the fourth terms in (2.3) we have
ǫµνρ{Tr}
(
CµAB¯DνY
ADρY
†
B + CµABDνY
ADρY
B
)
+ (c.c.) (4.34)
= ǫµνρTr
(
C
(1)
µAB¯
DνY
ADρY
†
B − C
(2)
µAB¯
DνY
†
BDρY
A + C
(3)
µABDνY
ADρY
B
)
+ (c.c.)
= ǫµνρTr
(
C
(1)
µ44¯
DνY
4DρY
†
4 − C
(2)
µ44¯
DνY
†
4DρY
4 + C
(3)
µ44DνY
4DρY
4 + C
(1)
µ4a¯DνY
4DρY
†
a
+ C
(1)
µa4¯
DνY
aDρY
†
4 − C
(2)
µa4¯
DνY
†
4DρY
a − C(2)µ4a¯DνY
†
aDρY
4 + C
(3)
µ4aDνY
4DρY
a
+ C
(3)
µa4DνY
aDρY
4 + C
(1)
µab¯
DνY
aDρY
†
b − C
(2)
µab¯
DνY
†
b DρY
a + C
(3)
µabDνY
aDρY
b
)
+ (c.c.).
3See Appendix A for clarifications.
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Then we use (4.24) to replace the covariant derivatives in (4.34). Unlike (4.27), this replacement
does not exactly produce the expected WZ-type coupling in type IIA string theory. In general,
when we plug (4.24) into (2.3), in addition to the expected 10-dimensional WZ-type couplings,
it generates some unknown terms in string theory, involving quadratic or higher order in either
A−µ or D˜µX˜
4. To reproduce all the known correct couplings from (4.34), we have to impose some
constraints on the different types of 3-form fields which we have introduced. These constraints
are obtained by requiring that the NS-NS and R-R form fields obtained from the reduction to 10-
dimensions should be antisymmetric and the coefficients of the unknown terms involving A−µA
−
ν
and D˜µX˜
4D˜νX˜
4 should vanish. In order to get a symmetrized 10-dimensional products we also
require that the coefficients of A−µ D˜νX˜
i and D˜νX˜
iA−µ are equal. From these conditions we obtain
the following constraints:
C
(1)
µAB¯
− C(1)†
µBA¯
= C
(2)
µAB¯
− C(2)†
µBA¯
, C
(3)
µAB = C
(3)
µ[AB], (A,B = 1, 2, 3, 4), (4.35)
where the notation [AB...] denotes the antisymmetrization of indices. With these constraints
(4.34) is reduced to
ǫµνρ{Tr}
(
CµAB¯DνY
ADρY
†
B + CµABDνY
ADρY
B
)
+ (c.c.)
= ǫµνρTr
(
C˜µijD˜νX˜
iD˜ρX˜
j + vB˜µi〈〈A
−
ν D˜ρX˜
i〉〉
)
, (4.36)
where the R-R form fields C˜µij and the NS-NS form fields B˜µi are identified as
B˜µ4 = 4i
(
C
(1)
µ44¯
− C(1)†
µ44¯
)
,
B˜µa = 2i
(
C
(1)
µ4a¯ − C
(1)†
µ4a¯ + C
(1)
µa4¯
− C(1)†
µa4¯
+ C
(3)
µ4a − C
(3)†
µ4a
)
,
B˜µa+4 = 2
(
C
(1)
µ4a¯ + C
(1)†
µ4a¯ − C
(1)
µa4¯
− C(1)†
µa4¯
− C(3)µ4a − C
(3)†
µ4a
)
,
C˜µ4a = C
(1)
µ4a¯ + C
(1)†
µ4a¯ − C
(1)
µa4¯
− C(1)†
µa4¯
+ C
(3)
µ4a + C
(3)†
µ4a ,
C˜µ4a+4 = −i
(
C
(1)
µ4a¯ − C
(1)†
µ4a¯ + C
(1)
µa4¯
− C(1)†
µa4¯
− C(3)µ4a + C
(3)†
µ4a
)
,
C˜µab = C
(1)†
µab¯
− C(1)µba¯ + C
(2)
µab¯
− C(2)†µba¯ − C
(3)†
µab + C
(3)
µab,
C˜µab+4 = i
(
C
(1)†
µab¯
− C(1)µba¯ − C
(2)
µab¯
+ C
(2)†
ba¯ + C
(3)†
µab − C
(3)
µba
)
,
C˜µa+4b+4 = C
(1)†
µab¯
− C(1)µba¯ + C
(2)
µab¯
− C(2)†µba¯ + C
(3)†
µab − C
(3)
µab. (4.37)
For simplicity we used a short hand notation 〈〈...〉〉 for symmetrized product in (4.36). For instance,
〈〈A−ν D˜ρX˜
i〉〉 =
1
2
(
A−ν D˜ρX˜
i + D˜ρX˜
iA−ν
)
. (4.38)
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Next we consider the last two terms in (2.3). After the breaking of the gauge symmetry these
terms can be written as
ǫµνρ{Tr}
(
CABCDµY
ADνY
BDρY
C + CABC¯DµY
ADνY
BDρY
†
C
)
+ (c.c.)
= ǫµνρTr
(
C
(1)
ABCDµY
ADνY
BDρY
C + C
(2)
ABC¯
DµY
ADνY
BDρY
†
C − C
(3)
ACB¯
DµY
ADνY
†
BDρY
C
+ C
(4)
BCA¯
DµY
†
ADνY
BDρY
C
)
+ (c.c.).
= ǫµνρTr
(
C
(1)
44aDµY
4DνY
4DρY
a + C
(1)
4a4DµY
4DνY
aDρY
4 + C
(1)
a44DµY
aDνY
4DρY
4
+ C
(2)
44a¯DµY
4DνY
4DρY
†
a + C
(2)
4a4¯
DµY
4DνY
aDρY
†
4 + C
(2)
a44¯
DµY
aDνY
4DρY
†
4
− C(3)
4a4¯
DµY
4DνY
†
4DρY
a − C(3)44a¯DµY
4DνY
†
aDρY
4 − C(3)
a44¯
DµY
aDνY
†
4DρY
4
+ C
(4)
4a4¯
DµY
†
4DνY
4DρY
a + C
(4)
a44¯
DµY
†
4DνY
aDρY
4 + C
(4)
44a¯DµY
†
aDνY
4DρY
4
+ C
(1)
4abDµY
4DνY
aDρY
b + C
(1)
a4bDµY
aDνY
4DρY
b + C
(1)
ab4DµY
aDνY
bDρY
4
+ C
(2)
4ab¯
DµY
4DνY
aDρY
†
b + C
(2)
a4b¯
DµY
aDνY
4DρY
†
b + C
(2)
ab4¯
DµY
aDνY
bDρY
†
4
− C(3)4ba¯DµY
4DνY
†
aDρY
b − C(3)
ab4¯
DµY
aDνY
†
4DρY
b − C(3)
a4b¯
DµY
aDνY
†
b DρY
4
+ C
(4)
ab4¯
DµY
†
4DνY
aDρY
b + C
(4)
4ba¯DµY
†
aDνY
4DρY
b + C
(4)
b4a¯DµY
†
aDνY
bDρY
4
+ C
(1)
abcDµY
aDνY
bDρY
c + C
(2)
abc¯DµY
aDνY
bDρY
†
c − C
(3)
acb¯
DµY
aDνY
†
b DρY
c
+ C
(4)
bca¯DµY
†
aDνY
bDρY
c
)
+ (c.c.). (4.39)
In the last step we assumed the terms involving C444 and C444¯ are vanishing. This is because, as
we see from (4.24), those terms give rise to only terms that are quadratic or higher order in A−µ
or D˜µX˜
4, which are not allowed in string theory.
The next step is to replace the covariant derivatives in (4.39) by using (4.24). As we did in
(4.34), we require that the R-R and NS-NS form fields which are obtained from the reduction to
10-dimensions should be antisymmetric in interchange of indices and the coefficients of the un-
wanted terms involving A−µA
−
ν D˜ρX˜
a or D˜µX˜
4D˜νX˜
4D˜ρX˜
a vanish. We also impose more conditions
to produce symmetrized matrix products in 10-dimensions. For instance we require that the co-
efficients of (A−µ D˜νX˜
aD˜ρX˜
b), (D˜νX˜
aA−µ D˜ρX˜
b), and (D˜νX˜
aD˜ρX˜
bA−µ ) are equal. The constraints
from these requirements are
C
(1)
ABC = C
(1)
[ABC], C
(2)
ABC¯
= C
(2)
[AB]C¯
= C
(3)
ABC¯
= C
(3)
[AB]C¯
= C
(4)
ABC¯
= C
(4)
[AB]C¯
. (4.40)
With these constraints we get
ǫµνρ{Tr}
(
CABCDµY
ADνY
BDρY
C + CABC¯DµY
ADνY
BDρY
†
C
)
+ (c.c.)
= ǫµνρTr
(
vB˜ij〈〈A
−
µ D˜νX˜
iD˜ρX˜
j〉〉+ C˜ijkD˜µX˜
iD˜νX˜
jD˜ρX˜
k
)
, (4.41)
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where
B˜a4 = −3i
(
C
(4)
a44¯
− C(4)†
a44¯
)
, B˜4a+4 = −3
(
C
(4)
a44¯
+ C
(4)†
a44¯
)
,
B˜ab = 3i
(
C
(1)
ab4 − C
(1)†
ab4 − C
(4)
ab4¯
+ C
(4)†
ab4¯
+ C
(4)
b4a¯ − C
(4)†
b4a¯ − C
(4)
a4b¯
+ C
(4)†
a4b¯
)
,
B˜ab+4 = −3
(
C
(1)
ab4 + C
(1)†
ab4 − C
(4)
ab4¯
− C(4)†
ab4¯
+ C
(4)
b4a¯ + C
(4)†
b4a¯ + C
(4)
a4b¯
+ C
(4)†
a4b¯
)
,
B˜a+4b+4 = −3i
(
C
(1)
ab4 − C
(1)†
ab4 − C
(4)
ab4¯ + C
(4)†
ab4¯ − C
(4)
b4a¯ + C
(4)†
b4a¯ + C
(4)
a4b¯
− C(4)†
a4b¯
)
,
C˜ab4 = 3
(
C
(1)
ab4 + C
(1)†
ab4 + C
(4)
ab4¯
+ C
(4)†
ab4¯
+ C
(4)
b4a¯ + C
(4)†
b4a¯ − C
(4)
a4b¯
− C(4)†
a4b¯
)
,
C˜a4b+4 = −3
(
C
(1)
ab4 − C
(1)†
ab4 + C
(4)
ab4¯
− C(4)†
ab4¯
+ C
(4)
b4a¯ − C
(4)†
b4a¯ + C
(4)
a4b¯
− C(4)†
a4b¯
)
,
C˜4a+4b+4 = −3
(
C
(1)
ab4 + C
(1)†
ab4 + C
(4)
ab4¯
+ C
(4)†
ab4¯
− C(4)b4a¯ − C
(4)†
b4a¯ + C
(4)
a4b¯
+ C
(4)†
a4b¯
)
,
C˜abc = C
(1)
abc + C
(1)†
abc + C
(4)
abc¯ + C
(4)†
abc¯ − C
(4)
acb¯
− C(4)†
acb¯
+ C
(4)
bca¯ + C
(4)†
bca¯ ,
C˜abc+4 = i
(
C
(1)
abc − C
(1)†
abc − C
(4)
abc¯ + C
(4)†
abc¯ − C
(4)
acb¯
+ C
(4)†
acb¯
+ C
(4)
bca¯ − C
(4)†
bca¯
)
,
C˜ab+4c+4 = −
(
C
(1)
abc + C
(1)†
abc − C
(4)
abc¯ − C
(4)†
abc¯ + C
(4)
acb¯
+ C
(4)†
acb¯
+ C
(4)
bca¯ + C
(4)†
bca¯
)
,
C˜a+4b+4c+4 = −i
(
C
(1)
abc − C
(1)†
abc − C
(4)
abc¯ + C
(4)†
abc¯ + C
(4)
acb¯
− C(4)†
acb¯
− C(4)bca¯ + C
(4)†
bca¯
)
. (4.42)
Inserting (4.26), (4.27), (4.36), and (4.41) into (2.3), we obtain
S
(3)
C˜
= µ2
∫
d3x
1
3!
ǫµνρ
(
C˜µνρ + 3λ(C˜µνiD˜ρX˜
i + vB˜µνA
−
ρ ) + 3λ
2(C˜µijD˜νX˜
iD˜ρX˜
j
+ vB˜µi〈〈A
−
ν D˜ρX˜
i〉〉) + λ3(C˜ijkD˜µX˜
iD˜νX˜
jD˜ρX˜
k + vB˜ij〈〈A
−
µ D˜νX˜
iD˜ρX˜
j〉〉)
)
. (4.43)
On the other hand, after compactification the bosonic part of the original U(N)×U(N) ABJM
action is given by∫
d3xTr
(
− D˜µX˜
iD˜µX˜ i − v2A−µA
−µ +
k
2π
ǫµνρA−µ F˜νρ − Vbos
)
+O
(1
v
)
, (4.44)
where F˜µν = ∂µA
+
ν − ∂νA
+
µ + i[A
+
µ , A
+
ν ] and Vbos is the reduction of the sextic potential of ABJM
theory. As we shall discuss in the next subsection, in the reduction of the 6-form coupling A−µ –
dependent terms are absent. Therefore, solving the equation of motion for A−µ from (4.43) and
(4.44) gives
A−µ =
k
4πv2
ǫµ
νρ
(
F˜νρ + µ2vλ
2π
k
P [B˜νρ]
)
=
1
2gYMv
ǫ νρµ
(
F˜νρ +
1
λ˜
P [B˜νρ]
)
, (4.45)
where
P [B˜µν ] =
1
2
(
B˜µν + λ〈〈B˜µiD˜νX˜
i〉〉 +
λ2
3
〈〈B˜ijD˜νX˜
iD˜ρX˜
j〉〉
)
. (4.46)
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Finally, inserting (4.45) into the equations (4.43) and (4.44) and rescaling the scalar field as
X˜ i → X˜
i
gYM
, we obtain the following 10-dimensional action,∫
d3x
{
1
g2YM
[
− D˜µX˜
iD˜µX˜ i −
1
2
(
F˜µν +
1
λ˜
P [B˜µν ]
)2
+
1
8
[X˜ i, X˜j]2
]
+
µ2
3!
ǫµνρ
(
C˜µνρ + 3λ˜C˜µνiD˜ρX˜
i + 3λ˜2C˜µijD˜νX˜
iD˜ρX˜
j + λ˜3C˜ijkD˜µX˜
iD˜νX˜
jD˜ρX˜
k
)}
. (4.47)
Here we notice that in addition to the natural couplings of the D2-brane to the R-R 3-form fields in
type IIA string theory, our WZ-type coupling (2.3) for the 3-form fields also produces the coupling
between F˜µν and B˜µν in the linearized non-Abelian DBI action for D2-branes.
4.2.2 6-form fields
In this subsection we discuss the coupling to the 6-form fields in the action (2.8). Later we will
show that the dimensionless parameter τ we introduced in (2.8) is proportional to 1/k. Therefore,
in the doubling scaling limit v, k → ∞ with fixed v/k, only the terms of order v or higher are
nonvanishing in the 6-form field action. To the leading order of v, the first term in (2.8) is reduced
to
ǫµνρ{Tr}(CµνρABC¯ β
AB
C ) + (c.c.) = viǫ
µνρTr(C˜µνρij [X˜
i, X˜j]), (4.48)
where we identified the R-R 5-form fields C˜µνρij as
C˜µνρa4 = −
i
2
(Cµνρa44¯ − C
†
µνρa44¯
), C˜µνρ4a+4 = −
1
2
(Cµνρa44¯ + C
†
µνρa44¯
),
C˜µνρab = −
i
4
(
Cµνρa4b¯ − C
†
µνρa4b¯
− Cµνρb4a¯ + C
†
µνρb4a¯ + Cµνρab4¯ − C
†
µνρab4¯
)
,
C˜µνρab+4 = −
1
4
(
Cµνρa4b¯ + C
†
µνρa4b¯
+ Cµνρb4a¯ + C
†
µνρb4a¯ − Cµνρab4¯ − C
†
µνρab4¯
)
,
C˜µνρa+4b+4 = −
i
4
(
Cµνρa4b¯ − C
†
µνρa4b¯
− Cµνρb4a¯ + C
†
µνρb4a¯ − Cµνρab4¯ + C
†
µνρab4¯
)
. (4.49)
For the same reason as in the paragraph below (4.39), here also we have dropped the terms
involving Cµνρ444¯. We note the fact that CµνρABC¯ are antisymmetric among the unbar indices
CµνρABC¯ = Cµνρ[AB]C¯ is enough to antisymmetrize Cµνρij .
Next we consider the λ-order terms in (2.8). After the breaking of the gauge symmetry these
terms can be written as
ǫµνρ{Tr}
(
CµνABCD¯DρY
AβBCD + CµνABC¯D¯DρY
†
Cβ
AB
D
)
+ (c.c.)
= ǫµνρTr
(
C
(1)
µνABCD¯
DρY
AβBCD + C
(2)
µνABCD¯
βABD DρY
C + C
(3)
µνABC¯D¯
DρY
†
Cβ
AB
D
+ C
(4)
µνABC¯D¯
βABC DρY
†
D
)
+ (c.c.). (4.50)
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Keeping only the terms of order v or higher and dropping the terms involving Cµν4444¯, Cµν444¯4¯,
Cµνa444¯, Cµνa44¯4¯, ... according to the logic in (4.48), we have
ǫµνρ{Tr}
(
CµνABCD¯DρY
AβBCD + CµνABC¯D¯DρY
†
Cβ
AB
D
)
+ (c.c.)
= ǫµνρTr
(
2C
(1)
µνba44¯
DρY
bβa44 + 2C
(1)
µν4a4b¯
DρY
4βa4b + 2C
(1)
µνca4b¯
DρY
cβa4b
+ C
(1)
µν4ab4¯
DρY
4βab4 + C
(1)
µνcab4¯
DρY
cβab4 + 2C
(2)
µνa4b4¯
βa44DρY
b
+ 2C
(2)
µνa44b¯
βa4bDρY
4 + 2C
(2)
µνa4cb¯
βa4bDρY
c + C
(2)
µνab44¯
βab4DρY
4
+ C
(2)
µνabc4¯
βab4DρY
c + 2C
(3)
µνa4b¯4¯
DρY
†
b β
a4
4 + 2C
(3)
µνa44¯b¯
DρY
†
4 β
a4
b
+ 2C
(3)
µνa4c¯b¯
DρY
†
c β
a4
b + C
(3)
µνab4¯4¯
DρY
†
4 β
ab
4 + C
(3)
µνabc¯4¯
DρY
†
c β
ab
4
+ 2C
(4)
µνa44¯b¯
βa44DρY
†
b + 2C
(4)
µνa4b¯4¯
βa4bDρY
†
4 + 2C
(4)
µνa4b¯c¯
βa4bDρY
†
c
+ C
(4)
µνab4¯4¯
βab4DρY
†
4 + C
(4)
µνab4¯c¯
βab4DρY
†
c
)
+ (c.c.). (4.51)
These terms should produce the coupling of R-R 5-form fields to D2-branes, however substitution of
(4.24) and (4.25) into (4.51) simultaneously produces unwanted terms. To eliminate the unwanted
terms, we will follow the same diagnoses as in the case of 3-form coupling. Specifically, we require
that the R-R 5-form field is totally antisymmetric and the coefficients of the unwanted terms
set to be zero. We also require that the products of D˜µX˜
i and [X˜j, X˜k] are symmetrized. For
instance, the coefficients of D˜ρX˜
i[X˜j , X˜k] and [X˜j , X˜k]D˜ρX˜
i terms are identified. In general, the
6-form fields C(1), C(2), C(3), and C(4), introduced in (4.50), are not necessarily antisymmetric in
the global indices. However, in order to match the degrees of freedom, we can consistently impose
antisymmetric property on some of 6-form fields. In particular, we assign the antisymmetric
property in the global indices a, b, c to the following 6-form fields,
C
(1)
µνb[a4]4¯
, C
(1)
µν4ab4¯
, C
(1)
µνabc4¯
, C
(2)
µν[a4]b4¯
, C
(2)
µνab44¯
, C
(2)
µνabc4¯
C
(3)
µν[a4]b¯4¯
, C
(3)
µνab4¯4¯
, C
(3)
µνabc¯4¯
, C
(4)
µν[a4]4¯b¯
, C
(4)
µνab4¯4¯
, C
(4)
µνab4¯c¯
, (4.52)
where [a4] denotes antisymmetric in interchange of a and 4. Taking these constraints into account,
we obtain the following conditions for the remaining 6-form fields:
C
(1)
µν4ab4¯
= C
(2)
µνab44¯
= C
(3)
µνab4¯4¯
= C
(4)
µνab4¯4¯
, C
(3)
µνa4b¯4¯
= C
(4)
µνa44¯b¯
= −C(4)†
µνa44¯b¯
,
C
(1)
µνab44¯
= C
(2)
µνa4b4¯
=
3
4
C
(4)
µνab4¯4¯
+
1
4
C
(4)†
µνab4¯4¯
, C
(2)
µνa44b¯
+ C
(3)†
µνb44¯a¯
= 2C
(4)†
µνa44¯b¯
,
C
(1)
µν4a4b¯
= −2C(4)
µνa44¯b¯
− C(4)†
µνb4a¯4¯
, C
(1)
µνabc4¯
= C
(2)
µνabc4¯
, C
(3)
µνabc¯4¯
= C
(4)
µνab4¯c¯
,
C
(1)
µνab4c¯ + C
(4)†
µνc4b¯a¯
= −C(2)µνa4bc¯ − C
(3)†
µνc4b¯a¯
=
1
2
C
(2)†
µνabc4¯
+
3
2
C
(4)
µνab4¯c¯
. (4.53)
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Using the conditions in (4.52) and (4.53), we get
ǫµνρ{Tr}
(
CµνABCD¯DρY
AβBCD + CµνABC¯D¯DρY
†
Cβ
AB
D
)
+ (c.c.)
= viǫµνρTr
(
C˜µνijk〈〈[X˜
i, X˜j]D˜ρX˜
k〉〉
)
, (4.54)
where we have identified the R-R 5-form fields as
C˜µνab4 = −i
(
C
(4)
µνab4¯4¯
+ 4C
(4)†
µνa44¯b¯
− C(4)†
µνab4¯4¯
)
, C˜µνa4b+4 = −2
(
C
(4)
µνab4¯4¯
+ C
(4)†
µνab4¯4¯
)
,
C˜µν4a+4b+4 = i
(
C
(4)
µνab4¯4¯
− 4C(4)†
µνa44¯b¯
− C(4)†
µνab4¯4¯
)
, C˜µνabc = −2i
(
C
(4)
µνab4¯c¯
− C(4)†
µνab4¯c¯
)
,
C˜µνabc+4 = C
(2)
µνabc4¯
+ C
(2)†
µνabc4¯
+ C
(4)
µνab4¯c¯
+ C
(4)†
µνab4¯c¯
,
C˜µνab+4c+4 = i
(
C
(2)
µνabc4¯
− C(2)†
µνabc4¯
− C(4)
µνab4¯c¯
+ C
(4)†
µνab4¯c¯
)
,
C˜µνa+4b+4c+4 = 2
(
C
(4)
µνab4¯c¯
+ C
(4)†
µνab4¯c¯
)
. (4.55)
The next step is to consider the reduction of the λ2-order couplings in (2.8). After the break-
down of the gauge symmetry, keeping only terms which are leading order in v, we can write these
couplings as
ǫµνρ{Tr}
(
CµABCDE¯DνY
ADρY
BβCDE + CµABCD¯E¯DνY
ADρY
†
Dβ
BC
E
+ CµABC¯D¯E¯DνY
†
CDρY
†
Dβ
AB
E
)
+ (c.c.)
= ǫµνρTr
(
C
(1)
µABCDE¯
DνY
AβBCE DρY
D + C
(2)
µABCD¯E¯
DνY
AβBCD DρY
†
E
+ C
(3)
µABCD¯E¯
DνY
†
Dβ
AB
E DρY
C + C
(4)
µABC¯D¯E¯
DνY
†
Cβ
AB
D DρY
†
E
)
+ (c.c.)
+ (permutations), (4.56)
where ‘permutations’ represents the terms which can be obtained by interchanging βABC and co-
variant derivatives. Since the terms which are obtained by the permutations do not mix with
DY βDY terms, we will explicitly calculate only DY βDY terms and then symmetrize the final
results.
As we did previously, we keep only terms of order v or higher and also drop terms involving
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6-form fields such as Cµab444, Cµa4444, Cµ44444. Then we obtain
ǫµνρTr
(
C
(1)
µABCDE¯
DνY
AβBCE DρY
D + C
(2)
µABCD¯E¯
DνY
AβBCD DρY
†
E
+ C
(3)
µABCD¯E¯
DνY
†
Dβ
AB
E DρY
C + C
(4)
µABC¯D¯E¯
DνY
†
Cβ
AB
D DρY
†
E
)
+ (c.c.)
=ǫµνρTr
(
2C
(1)
µba4c4¯
DνY
bβa44DρY
c + 2C
(1)
µca44b¯
DνY
cβa4bDρY
4 + 2C
(1)
µ4a4cb¯
DνY
4βa4bDρY
c
+ 2C
(1)
µca4db¯
DνY
cβa4bDρY
d + C
(1)
µcab44¯DνY
cβab4DρY
4 + C
(1)
µ4abc4¯DνY
4βab4DρY
c
+ C
(1)
µ4abc4¯
DνY
cβab4DρY
d + 2C
(2)
µba44¯c¯
DνY
bβa44DρY
†
c + 2C
(2)
µca4b¯4¯
DνY
cβa4bDρY
†
d
+ 2C
(2)
µ4a4b¯c¯
DνY
4βa4bDρY
†
c + 2C
(2)
µca4b¯d¯
DνY
cβa4bDρY
†
d + C
(2)
µcab4¯4¯
DνY
cβab4DρY
†
d
+ C
(2)
µ4ab4¯c¯
DνY
4βab4DρY
†
c + C
(2)
µcab4¯d¯
DνY
cβab4DρY
†
d + 2C
(3)
µa4cb¯4¯
DνY
†
b β
a4
4DρY
c
+ 2C
(3)
µa44c¯b¯
DνY
†
c β
a4
bDρY
4 + 2C
(3)
µa4c4¯b¯
DνY
†
4 β
a4
bDρY
c + 2C
(3)
µa4dc¯b¯
DνY
†
c β
a4
bDρY
d
+ C
(3)
µab4c¯4¯
DνY
†
c β
ab
4DρY
4 + C
(3)
µabc4¯4¯
DνY
†
4 β
ab
4DρY
c + C
(3)
µabdc¯4¯
DνY
†
c β
ab
4DρY
d
+ 2C
(4)
µa4c¯b¯4¯
DνY
†
c β
a4
bDρY
†
d + 2C
(4)
µa4b¯4¯c¯
DνY
†
b β
a4
4DρY
†
c + 2C
(4)
µa44¯b¯c¯
DνY
†
4 β
a4
bDρY
†
c
+ 2C
(4)
µa4c¯b¯d¯
DνY
†
c β
a4
bDρY
†
d + C
(4)
µab4¯4¯c¯
DνY
†
4 β
ab
4DρY
†
c + C
(4)
µabc¯4¯c¯
DνY
†
c β
ab
4DρY
†
d
+ C
(4)
µabc¯4¯d¯
DνY
†
c β
ab
4DρY
†
d
)
+ (c.c.). (4.57)
Following the argument in paragraph after (4.51) we impose antisymmetric property to the
global indices, a, b, c, d, for the following 6-form fields,
C
(1)
µcab44¯
, C
(1)
µc[a4]b4¯
, C
(1)
µ4abc4¯
, C
(2)
µcab4¯4¯
, C
(2)
µb[a4]4¯c¯
, C
(2)
µ4ab4¯c¯
, C
(3)
µabc4¯4¯
, C
(3)
µab4c¯4¯
,
C
(3)
µ[a4]bc¯4¯, C
(4)
µabc¯4¯4¯, C
(4)
µab4¯4¯c¯, C
(4)
µ[a4]b¯4¯c¯
, C
(1)
µcabd4¯, C
(2)
µcab4¯d¯
, C
(3)
µabdc¯4¯, C
(4)
µabc¯4¯d¯
. (4.58)
With theses constraints the remaining 6-form fields satisfy:
C
(3)
µabc4¯4¯
= −C(2)
µcab4¯4¯
= C
(1)
µ4abc4¯
= −C(1)
µcab44¯
,
C
(4)
µa4b¯4¯c¯
= C
(3)†
µa4bc¯4¯
= −C(2)†
µba44¯c¯
= 2C
(1)
µcab44¯
− 3C(1)
µca4b4¯
,
C
(4)
µabc¯4¯4¯
= −C(4)
µab4¯4¯c¯
= C
(3)
µab4c¯4¯
= −C(2)
µ4ab4¯c¯
= −3C(1)†
µcab44¯
+ 4C
(1)†
µca4b4¯
,
C
(2)
µ4a4b¯c¯
− C(2)†
µab4c¯4¯
= C
(4)
µa44¯b¯c¯
− C(1)†µab44c¯ = C
(3)
µa44b¯c¯
− C(3)†
µc4b4¯a¯
= C
(4)
µa4b¯c¯4¯
− C(1)†µ4c4ba¯ = −4C
(1)
µcab44¯
+ 6C
(1)
µca4b4¯
,
C
(3)
µabdc¯4¯
= C
(3)†
µabdc¯4¯
= −C(2)
µcab4¯d¯
= −C(2)†
µcab4¯d¯
,
C
(2)
µba4c¯d¯
− C(2)†
µbc4a¯d¯
= −C(3)
µd4ab¯c¯
+ C
(3)†
µc4ba¯d¯
=
1
4
C
(1)
µcabd4¯
−
1
4
C
(1)†
µcabd4¯
,
C
(4)
µabc¯4¯d¯
= −
1
6
C
(1)
µcabd4¯
−
1
6
C
(1)†
µcabd4¯
,
C
(4)
µa4b¯c¯d¯
= C
(1)†
µdc4ab¯
+ 2C
(2)
µcab4¯d¯
. (4.59)
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Under these conditions (4.57) is reduced to
ǫµνρTr
(
C
(1)
µABCDE¯
DνY
AβBCE DρY
D + C
(2)
µABCD¯E¯
DνY
AβBCD DρY
†
E
+ C
(3)
µABCD¯E¯
DνY
†
Dβ
AB
E DρY
C + C
(4)
µABC¯D¯E¯
DνY
†
Cβ
AB
D DρY
†
E
)
+ (c.c.)
= viǫµνρTr
(
C˜µijklDνX˜
i[X˜j, X˜k]DρX˜
l), (4.60)
where we identified the R-R 5-form fields as
C˜µabc4 = −2i
(
3C
(1)
µca4¯b4
− 3C(1)†
µcab44¯
− 4C(1)
µca4b4¯
+ 4C
(1)†
µca4b4¯
)
,
C˜µab4c+4 = 2
(
C
(1)
µcab44¯
+ C
(1)†
µcab44¯
− 2C(1)
µca4b4¯
− 2C(1)†
µca4b4¯
)
,
C˜µa4b+4c+4 = −2i
(
C
(1)
µcab44¯
− C(1)†
µcab44¯
− 2C(1)
µca4b4¯
+ 2C
(1)†
µca4b4¯
)
,
C˜µ4a+4b+4c+4 = 2
(
3C
(1)
µcab44¯
+ 3C
(1)†
µcab44¯
− 4C(1)
µca4b4¯
− 4C(1)†
µca4b4¯
)
,
C˜µabcd+4 =
1
3
(
C
(1)
µcabd4¯
+ C
(1)†
µcabd4¯
+ 6C
(2)
µcab4¯d¯
)
,
C˜µabc+4d+4 =
i
2
(
C
(1)
µcabd4¯
− C(1)†
µcabd4¯
)
,
C˜µab+4c+4d+4 = −
1
3
(
C
(1)
µcabd4¯ + C
(1)†
µcabd4¯ − 6C
(2)
µcab4¯d¯
)
. (4.61)
Finally, including the ‘permutations’ terms in (4.56) and identifying the R-R 5-form fields for
all the terms related by permutation of the anticommutator [X˜ i, X˜j] and the covariant derivative
D˜µX˜
k, we obtain the following symmetrized result,
ǫµνρTr
(
C
(1)
µABCDE¯
DνY
AβBCE DρY
D + C
(2)
µABCD¯E¯
DνY
AβBCD DρY
†
E + C
(3)
µABCD¯E¯
DνY
†
Dβ
AB
E DρY
C
+ C
(4)
µABC¯D¯E¯
DνY
†
Cβ
AB
D DρY
†
E
)
+ (c.c.) + (permutations)
= viǫµνρTr
(
C˜µijkl〈〈[X˜
i, X˜j]DνX˜
kDρX˜
l〉〉
)
. (4.62)
It remains to carry out the dimensional reduction of the λ3-order terms in (2.8). Due to a
huge number of possible terms, for this order we could not be able to carry out the reduction
procedure. However, looking at the results for the λ and λ2-order terms, we can easily expect
that in the compactification limit the λ3-order terms will produce the following 10-dimensional
WZ-type coupling,
viǫµνρTr
(
C˜ijklm〈〈[X˜
i, X˜j ]D˜µX˜
kD˜νX˜
lDρX˜
m〉〉
)
. (4.63)
The relations between the R-R 5 form C˜ijklm and the 6-form fields need explicit calculation.
Substituting the relations (4.48), (4.54), (4.62), and (4.63) into the 6-form field coupling (2.8)
and choosing the dimensionless parameter τ as −π/k, we obtain the expected WZ-type coupling
23
for R-R 5-form fields in type IIA string theory,
S
(5)
C˜
=−
µ2λ˜
2
∫
d3xǫµνρ
1
3!
(
iC˜µνρij [X˜
i, X˜j] + 3iλ˜C˜µνijk〈〈[X˜
i, X˜j]D˜ρX˜
k〉〉
+ 3iλ˜2C˜µijkl〈〈[X˜
i, X˜j]D˜νX˜
kD˜ρX˜
l〉〉+ iλ˜3C˜ijklm〈〈[X˜
i, X˜j]D˜µX˜
kD˜νX˜
lD˜ρX˜
m〉〉
)
. (4.64)
5 Comments on Mass Deformations
The supersymmetry preserving mass deformation of the ABJM theory was introduced in Refs. [21,
22]. There are several methods to obtain the mass-deformed ABJM theory, such as N = 1
superfield formalism [21], D-term and F -term deformations in N = 2 superfield formalism [22].
These different versions of mass-deformed ABJM theory are equivalent since they are connected
by field redefinitions [23]. A different intriguing question is to identify possible source of the
supersymmetry preserving mass deformation. In this section we will address this question for the
quartic mass deformation.
The quadratic and quartic terms of the mass deformation are given by
Sµ = µ
2
∫
d3xTr
(
Y AY †A
)
+
4πµ
k
∫
d3xTr
(
M CB Y
AY †AY
BY †C −M
B
CY
†
AY
AY †BY
C
)
, (5.1)
where M BA = diag(1, 1,−1,−1). In our present conventions these deformations can be written as
Sµ = µ
2
∫
d3xTr
(
Y AY †A
)
−
2πµ
k
∫
d3xTr
(
TABC¯D¯Y
†
Dβ
AB
C
)
+ (c.c.), (5.2)
where TABC¯D¯ =M
D
A δ
C
B−M
D
B δ
C
A . With an appropriate choice of the 6-form field, it is possible to
identify the quartic mass deformation action in (5.2) with part of our WZ-type coupling in (2.8).
To that end let us consider the first term4 in (2.8),
S(6)µ = µ
′
2
∫
d3x
1
3!
ǫµνρTr
(
CµνρABC¯β
AB
C
)
+ (c.c.), (5.3)
where for this term the {Tr} in (2.8) is equivalent to ordinary trace. In order to identify the
quartic mass deformation with (5.3) the 6-form field should take the following structure,
CµνρABC¯ = −
2µ
λµ2
ǫµνρTABC¯D¯Y
†
D, C
†
µνρABC¯
= −
2µ
λµ2
ǫµνρT
†
ABC¯D¯
Y D. (5.4)
4In [11], the authors considered the second and the third terms in (2.8) instead of the first term. This is just a
different choice of gauge, which results in the same constant field strength.
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Since TABC¯D¯ is real, the constant 7-form field strength corresponding to both these 6-form fields
are the same,
FµνρABC¯D¯ = F
†
µνρABC¯D¯
= −
2µ
λ2µ2
ǫµνρTABC¯D¯. (5.5)
In the eight-dimensional transverse space this can be viewed as turning on a constant (anti)-self
dual 4-form field strength,
FABC¯D¯ = −
2µ
λ2µ2
TABC¯D¯. (5.6)
Therefore, in order to get the supersymmetry preserving quartic mass deformation of the ABJM
theory we need to turn on the constant 4-form field strengths in (5.6) in the direction transverse to
the stack of parallel multiple M2-branes.5 This is in accordance with Refs. [24, 25, 11, 26], which
state that the mass-deformed ABJM action comes from a background (anti)self dual 4-form flux in
the eight-dimensional transverse space. The quadratic mass-deformed term in (5.2) is originated
from the backreaction of the background metric in the presence of the 4-form flux [11].
6 Conclusion and Discussion
In this work we discussed the coupling of multiple M2-branes to the background 3- and 6-form
fields in 11-dimensional supergravity. We proposed a general gauge-invariant WZ-type coupling
in the ABJM theory with U(N)×U(N) gauge group. The fundamental building blocks of the
coupling are the 3- and 6-form gauge fields, the covariant derivative DµY
A, the 3-commutator
βABC , and their complex conjugates. We assumed that the form fields depend on the transverse
scalars Y A and their complex conjugates. Therefore, the form fields carry gauge indices according
to their dependence on Y A and Y †A to guarantee gauge invariance which allows both single and
multi traces. Since the multi-trace terms after the MP Higgsing cannot be identified with any
WZ-type couplings in type IIA string theory, we did not include those terms from the beginning.
We tested our proposal for the WZ-type coupling through several consistency checks.
We compared our WZ-type coupling with the known coupling for a single M2-brane. In this
case the gauge group is U(1)×U(1). We showed that our coupling completely matches the well
known effective action of a single M2-brane coupled to 3-form fields. Then we carried out the MP
Higgsing procedure for our WZ-type coupling including the bosonic part of the original ABJM
action with U(N)×U(N) gauge symmetry. We obtained the symmetrized WZ-type coupling for
the R-R 3- and 5-form fields with the gauge field strength turned off [7]. The MP Higgsing
5 Turning on the other components of the form fields will break the supersymmetry, partially or totally.
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procedure alone is not enough to reproduce all the expected WZ-type couplings in type IIA string
theory. Therefore, we imposed some constraints on the 11-dimensional form fields, in order
• to make the 10-dimensional form fields antisymmetric,
• to obtain a 10-dimensional WZ-type coupling which is symmetrized with respect to inter-
change of the covariant derivatives (D˜µX˜
i) and the commutators ([X˜j , X˜k]), and
• to make disappear quadratic terms in the auxiliary gauge field A−µ in 3-form coupling and
linear terms in A−µ in 6-form coupling, which are absent in WZ-type coupling in type IIA
string theory.
We have also showed that, in addition to the WZ-type coupling for the R-R 3- and 5-form fields,
the reduction procedure also produces correctly the linearized version of DBI action for the gauge
field strength F˜µν of the dynamical gauge field A
+
µ and the NS-NS 2-form field B˜µν . Finally, we
tested the validity of our proposal by establishing the relation between the WZ-type coupling for
the 6-form field and the supersymmetry preserving quartic term of the mass-deformed action in
ABJM theory with U(N)×U(N) gauge symmetry.
A few comments about our construction are in order. Though the 10-dimensional WZ-type
coupling is restricted to the linear terms in form fields, it contains an exponential form of the
coupling of the NS-NS 2-form field. Since the NS-NS 2-form field comes from compactification of
the 3-form field in M-theory, it seems natural to include nonlinear terms which deserves further
investigations. In addition to the fundamental building blocks of our WZ-type coupling listed
above, we can add gauge field strengths for Aµ and Aˆµ and the monopole operator, which changes
bifundamental representation to antibifundamental and vice versa for k = 1, 2 [27]. With these
extensions we may include extra gauge-invariant terms to our WZ-type couplings.
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A Comments on Single Trace Terms
In our construction of the WZ-type actions in (2.3) and (2.8) the 3- and 6-form fields are arbitrary
functions of the transverse complex scalar fields except that every term in the actions
• should contain equal number of bifundamental and antibifundamental fields to guarantee
gauge invariance,
• and should be single trace.
After the MP Higgsing procedure, this arbitrariness results in terms which are absent in the known
WZ-type action of in type IIA string theory. In this appendix we shall show how to overcome
this problem by imposing more constraints on the functional dependence of the form fields on the
complex scalar fields.
Let us consider the following term in (2.3),
{Tr}
(
CµAB¯DνY
ADρY
†
B
)
. (A.1)
For clear presentation we drop the worldvolume and global indices from now on. Imposing the
single traceness constraint on (A.1) we have
{Tr}(CDYDY †) = C aˆb
abˆ
(DY )aaˆ(DY
†)bˆb = Tr(HDY
AIDY †), (A.2)
where C aˆb
abˆ
= H aˆ
bˆ
Iba, and both H and I should depend on the transverse scalar fields to guarantee
the U(N)×U(N) gauge invariance. If we turn on the vev for the scalar fields, Y A → v
2
δA4 + Y A,
it breaks the U(N)×U(N) gauge symmetry to a U(N) and then both the bifundamental and
antibifundamental fields follow adjoint representation. For those adjoint fields the indices a, b, · · ·
and aˆ, bˆ, · · · are indistinguishable so that the matrices H and I are expressed as
Hab = h0δ
a
b + h1Y˜
a
b + h2(Y˜ Y˜ )
a
b + · · · ,
Iab = i0δ
a
b + i1Y˜
a
b + i2(Y˜ Y˜ )
a
b + · · · , (A.3)
where hi and ii are the coefficients which can depend on the parameters v, k, and lP, and Y˜ is
either Y or Y †. Substituting (A.3) in (A.2), we have
Tr(HDY AIDY †) = Tr
(
C(1)DYDY † + C(2)DY †DY +HDY IDY †
)
, (A.4)
where
C(1) =
(
h0 + h1Y˜ + h2Y˜ Y˜ + · · · )i0,
C(2) =
(
i0 + i1Y˜ + i2Y˜ Y˜ + · · · )h0,
H = h1Y˜ + h2Y˜ Y˜ + · · · ,
I = i1Y˜ + i2Y˜ Y˜ + · · · . (A.5)
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In our reduction procedure in section 4 we have dropped the last term in (A.4). This is justified if
we restrict the form fields in string theory be at most linear in the scalar fields. In generic setup
we can realize the last term in (A.4) can appear. Therefore, in order to reproduce the known
WZ-type coupling with arbitrary dependence on the transverse scalars in type IIA string theory,
we should find an appropriate condition on the form field couplings in M-theory to forbid the last
term in (A.4) and all the other terms of this kind.
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